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$\mathrm{C}$*- $A$ $B$ Sect(A, $B$ )
$\mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}o_{d},$ $d\geq 2$ , 2
$\mathrm{C}$*- $A,$ $B$
$\text{ }$
$\mathrm{H}\mathrm{o}\mathrm{m}(A, B)$ $A$ $>$ $B$ $*-$
$A$ , $H_{d}A$
$H_{d}A\equiv$ $\{(\phi(si))_{i=1}^{d}\in A^{d} : \phi\in \mathrm{H}\mathrm{o}\mathrm{m}(O_{d},A)\}$ $(d\geq 2)$ .
$O_{d}=C’<\{s_{i} : i=1, \ldots, d\}>$ Cuntz $\rho,$ $\rho’\in \mathrm{H}\mathrm{o}\mathrm{m},(A, B)$
$u\in B$ $\rho=u\rho(\cdot)u^{*}$ $\rho\sim\rho$
$\langle$
$\text{ }\sim$ $\mathrm{H}\mathrm{o}\mathrm{m}(A, B)$
1 $\neq^{\backslash \prime}$ 0
1.1 Sect(A, $B$ ) SectA





$(\rho_{i})_{i=1}^{d}\in(\mathrm{H}\mathrm{o}\mathrm{m}(A, B))^{d}$ $<.|\cdot>$ :
$<$ $>:H_{d}A\mathrm{x}(\mathrm{H}\circ \mathrm{m}(A,B))^{d}arrow \mathrm{H}\circ \mathrm{m}(A,B)$ ,
$< \xi|\rho>\equiv\sum_{i=1}^{d}\mathrm{A}\mathrm{d}t_{i}\mathrm{o}\rho_{i}$ .
$\mathrm{A}\mathrm{d}t_{i}$ : $Barrow B$ ; $\mathrm{A}\mathrm{d}t_{i}(x)\equiv t_{i}xt_{i}^{*}$ $(x\in B)$.
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Ll (i) $<.|\cdot>$ well-defined.
(ii) $\xi,$ $\eta\in H_{d}B$ $\rho=(\rho:)_{1=1}^{d}.\in(\mathrm{H}\mathrm{o}\mathrm{m}(A,\mathcal{B}))^{d}$
$<\xi|\rho>\sim<\eta|\rho>$ .
(iii) $\rho^{(1)}=(\rho_{\dot{l}}^{(1)})$ , \rho (2)=(\rho 12 ) $\rho_{\dot{l}}^{(1)}\sim\rho_{\dot{l}}^{(2)},$ $i=1,$ $\ldots,d$,
$<\xi|\rho^{(1)}>\sim<\xi|\rho^{(2)}>$ .
(iv) $\rho_{1},$ $\ldots,\rho_{2d-1}$ $\xi^{(:)}\in H_{d}B,$ $i=1,2,3$ , K
$\rho^{(1)}=$ $(\rho_{1}, \ldots,\rho_{d})$ ,
$\rho^{(2)}=$ $(\rho_{d}, \ldots,\rho_{2d-1})$ ,
$\rho^{(3)}=$ $(\rho_{1}, \ldots,\rho_{d-1}, <\xi^{(1)}|\rho^{(2)}>)$ ,





Sect $(A, B)\equiv \mathrm{I}\mathrm{n}\mathrm{n}\mathcal{B}\backslash \mathrm{H}\mathrm{o}\mathrm{m}(A,B)$
$A$ $B$ 1 InnB $B$
$\mathrm{H}\mathrm{o}\mathrm{m}(A,B)$ :
$\phi\mapsto\alpha\circ\phi$ $(\alpha\in \mathrm{I}\mathrm{n}\mathrm{n}B, \phi\in \mathrm{H}\mathrm{o}\mathrm{m}(A, B))$.
(ii) Sect(A, $B$) $p$ :
$p$ : $($ Sect(A, $\mathcal{B}$) $)^{d}arrow \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}(A, B)$,
$p([\rho_{1}], \ldots,[\rho_{d}])\equiv[<\xi|\rho>]$
$\xi\in H_{d}B,$ $\rho=(\rho_{1}, \ldots, \rho_{d})\in(\mathrm{H}\mathrm{o}\mathrm{m}(A, B))^{d}$ .
1 [5] $A$ $B$ [5] Sect(A, $B$) $\mathrm{K}$ $\mathrm{K}$
\kappa \kappa
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(iii) $[\rho]\in \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}(A, B)$
$\rho(A)’\cap B=\mathrm{C}I$
(iv) $[\rho]\in \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}(A, B)$ (proper) $\rho$
$\alpha$ : $A_{1}\cong A_{2}$ $\mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}(A_{1}, B)\cong \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}(A_{2}, B)$, Sect $($B, $A_{1})\cong \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}(\mathrm{B}, A_{2})$
$f_{\alpha}\equiv \mathrm{A}\mathrm{d}\alpha$
$\mathrm{L}2$ Sect $(A, B)$ d-
$p$ : $($ Sect(A, $B$ ) $)^{d}arrow \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}(A, B)$
:
(i) ( ) $p$
$p(z_{\sigma(1)}, \ldots, z_{\sigma(d)})=p(z_{1}, \ldots, z_{d})$ $(z_{1}, \ldots, z_{d}\in \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}(A, B), \sigma\in \mathfrak{S}_{d})$.
(ii) ( ) $($ Sect(A, $B))^{2d-1}$ :
$p\mathrm{o}(id^{d-1}\cross p)=p\mathrm{o}(p\cross id^{d-1})$ .
$H_{2}B\neq\emptyset$ $p$ 2 (Sect(A, $B),p$)
$\text{ }$ Sect(A, $B$ ) $p$ (multi
sum) (Sect(A, $B$ ), $p$) $A$ $B$
\kappa
$A=\mathcal{B}$
SectA $\equiv \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}(A, A)=\mathrm{I}\mathrm{n}\mathrm{n}A\backslash \mathrm{E}\mathrm{n}\mathrm{d}A$.







(semi algebra, semi ring) OutA
SectA $\text{ }$ OutA $\text{ }$ SectA
$H_{d}A\neq\emptyset$ $\text{ }$ $\mathrm{C}^{*}-$ $A$ SectA
( ) $p$
:
$x_{\sigma(1)}+\cdots+x_{\sigma(d)}=x_{1}+\cdots+x_{d}$ $(x_{1}, \ldots, x_{d}\in \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}A, \sigma\in \mathfrak{S}_{d})$ ,
$x_{1}+\cdots+x_{d-1}+(x_{d}+\cdots+x_{2d-1})$
$=(x_{1}+\cdots+x_{d})+xd+1+\cdots+x_{2d-1}$ $(x_{1}, \ldots, x_{2d-1}\in \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}A)$ ,
$x(yz)=(xy)z$ ($x,y$ , z\in Sec A),
$1x=x=x1$ $(1=[\iota], x\in \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}A)$ ,
$x(y_{1}+\cdots+y_{d})=xy_{1}+\cdots+xy_{d}$ $(x,y_{1}, \ldots,\cdot y_{d}\in \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}A)$
$\iota$ $A$ 0 $H_{d}A\neq\emptyset,$ $H_{k}A=\emptyset,$ $2\leq$
$k\leq d-1$ $d$
Ll K- $\Rightarrow-$ $H_{2}O_{3}=\emptyset$ $H_{3}O_{3}\neq\emptyset$ . $\mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}O_{3}$ 3
1.2 1
$d\geq 2$ $H_{d}B\neq\emptyset$ Sect(A, $B$ )




$[\pi_{1}]\oplus[\pi_{2}]\equiv[\pi_{1}\oplus\pi_{2}]$ $([\pi_{1}], [\pi_{2}]\in \mathrm{B}\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A)$
BSpecA $\text{ }$ 0 $\text{ }$ BSpecA
( ) $[\rho]\in \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}(A,B)$ BSpecB BSpecA
$R[\rho]$ :
$R[\rho]$ : $\mathrm{B}\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}Barrow \mathrm{B}\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A$ ,
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$[\pi]R_{[\rho]}\equiv[\pi 0\rho]$ $([\pi]\in \mathrm{B}\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A)$ .
$R[\rho]$ well-defined, Sect(A, $B$ ) BSpecA BSpecB
$R[\rho]$ BSpecB BSpecA
$R$ : Sect(A, $B$ ) $arrow \mathrm{H}\mathrm{o}\mathrm{m}$( $\mathrm{B}\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}B,$ BSpecA)
: $z_{1},$ $\ldots,$ $z_{d}\in \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}(A, B)$
$xR_{p(z_{1},\ldots,z_{d})}=xR_{z_{1}}\oplus\cdots\oplus xR_{z_{d}}$ $(x\in \mathrm{B}\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}B)$
$R$ Sect(A, $B$ ) d-
( Sect(A, $\mathcal{B}$ ) $V=\mathrm{B}\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A\oplus$
BSpecB $R$ $V$
)(BSpecA, BSpecB, $R$ ) Sect(A, $B$ )
$A=B$
$\text{ }$ (BSpecA, $R$ ) SectA
SectA
1.1 (i) $\mathrm{O}\mathrm{u}\mathrm{t}A\subset \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}A$
(ii) ( ) $B$ $z\in \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}(A, B)$ $x\in \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}B$
$xR_{z}\in \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A$ $z$
(iii) $A$ $z\in \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}A$ $x\in \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A$ $xR_{z}=$
$x$ $z^{n},$ $n\geq 1$
(iv) ( ) $\phi_{1},$ $\phi_{2}\in \mathrm{E}\mathrm{n}\mathrm{d}(A, B)$ $\pi\in \mathrm{I}\mathrm{r}\mathrm{r}\mathrm{R}\mathrm{e}\mathrm{p}B$
:
$\pi 0\phi_{1}\not\simeq\pi 0\phi_{2}$ .
$\phi_{1}\oint\phi_{2}$ .
(v) ( ) $z\in \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}A$ $x\in \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A$
$xR_{z}\not\in \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A$ $z\not\in \mathrm{O}\mathrm{u}\mathrm{t}A$, $z$






CI $=\pi_{1}(\rho(A))’\cap\pi_{1}(B)=\pi_{1}(\rho(A)’\cap B)$ .
$B$ $\pi_{1}$
CI $=\rho(A)’\cap B$ .





1.2 $\xi\in \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}A$ )$\mathcal{E}$ -class
$\mathcal{E}R\xi\subset \mathrm{N}<\mathcal{E}>\equiv\{\sum_{\dot{l}=1}^{N}n_{i}\cdot x_{i}$ : $x:\in \mathcal{E},$ $n:\in \mathrm{N},$ $N\geq 1\}$ ,
$n\cdot x$ $(n\in \mathrm{N},x\in \mathcal{E})$
$C\epsilon$ SectA $\mathcal{E}$-class $z\in C\epsilon$ |c $\mathrm{b}\mathfrak{g}_{z}\equiv$
$(E_{z}, V_{z})$ :
$V_{z}=\mathcal{E}$ ,
$E_{z}\equiv$ { $(x,$ $y)\in V_{z}\mathrm{x}V\epsilon$ : $y’\in \mathrm{N}<\mathcal{E}>$ $xR_{z}=y+y’$ }.




1.4 (i) ( ) $H_{d}A\neq\emptyset$ $\mathcal{E}\subset \mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}A$ $\xi\in$
$C_{\mathcal{E}}$ $\mathrm{b}\mathfrak{g}_{z}$ $n(d-1)+1,$ $n\geq 0$
1, $d,$ $2d-1,3d-2\ldots$ .
$N_{-}(\mathrm{b}\mathfrak{g}_{z})\equiv$ $\mathrm{n}$ { $n_{r}\in \mathrm{N}:x\in V_{z}$ }.
(ii) ( ) $z\in \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}A$
$N_{-}(\mathrm{b}\mathrm{g}_{z})=1$
$z$
2 I1 $\text{ }$ $\mathrm{K}$
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( $\mathrm{i}\mathrm{i}\mathrm{i}$ (1 ) $zC$ SectA $\mathfrak{b}\mathfrak{g}$ , 1 $z^{n},$ $n\ovalbox{\tt\small REJECT}$
1





$\mathfrak{S}_{d^{k}}\subset U(d^{k})$ $\subset M_{d^{k}}(\mathrm{C})\subset UHF_{d}=O_{d}^{U(1)}\subset O_{d}$ .
2.1 $\sigma\in \mathfrak{S}_{d^{k}}$ $\psi_{\sigma}\in \mathrm{E}\mathrm{n}\mathrm{d}O_{d}$
$\psi_{\sigma}(s_{i})\equiv u_{\sigma}s_{i}$ $(i=1, \ldots, d)$
\psi $\sigma$ $O_{d}$ $u_{\sigma}$
$\sigma$ $\mathit{0}_{d}$
$E_{d,k}\equiv$ $\{\psi_{\sigma}\in \mathrm{E}\mathrm{n}\mathrm{d}O_{d} : \sigma\in 6_{d^{k}}\}$ ,
$SE_{d,k}\equiv$ $\{[\rho]\in \mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}o_{d} : \rho\in E_{d,k}\}$ ,
.P $SE_{d,k}\equiv$ $SE_{d,k}\backslash \mathrm{O}\mathrm{u}\mathrm{t}O_{d}$ ,
$IPSEd,k\equiv$ { $\xi\in PSE_{d,k}$ : $\xi$ } $(k\geq 1)$ .
$E_{d,k}$ $k$ $O_{d}$ , $SE_{d,k}$ $k$ $\mathit{0}_{d}$
$\gamma_{z},$ $z\in U(1)$ $\mathit{0}_{d}^{U(1)}$
OdU0 OdU(l)
$CAR\cong O_{2}^{U(1)}$ 1
2.1 ( $SE_{2,2}$ ) $\# SE_{2,2}=16$ ,
$\mathrm{A}\mathrm{u}\mathrm{t}O_{2}\cap E_{2,2}\cong V_{4}$
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$V_{4}$ Klein 4 , $\# PSE_{2,2}=14,$ $\# IPSE_{2,2}=5$ ,
$PSE_{2,2}\backslash IPSE_{2,2}\subset\{\xi+\zeta : \xi, \zeta\in \mathrm{O}\mathrm{u}\mathrm{t}O_{2}\}$ .




$M$ ( )$\rho$ , $\overline{\rho},\eta$ 3 :
$\rho(s_{1})\equiv$ $s_{12,1}+s_{11,2}$ , $\rho(s_{2})\equiv$ $s_{2}$ ,
$\overline{\rho}(s_{1})\equiv$ $s_{21,1}+s_{12,2}$ , $\overline{\rho}(s_{2})\equiv$ $s_{11,1}+s_{22,2}$ ,
$\eta(s_{1})\equiv$ $s_{22,1}+s_{11,2}$ , $\eta(s_{2})\equiv$ $s_{21,1}+s_{12,2}$
s ,k\equiv s:sjsk* $(i,j, k=1,2)$ .
$3\overline{\rho}$








$O_{2}$ canonical endomorphism ( ) $\sigma\in PSE_{2,2}$ $\sigma=\iota+\iota=2\iota$
2.2 $O_{2}$ :
$\{\overline{\rho}^{n}\eta\rho, \eta,\overline{\rho}^{n}, \rho,\rho^{2} : n\geq 1\}$ .
$\rho^{n},$ $n$ $\geq 3$ SectA $Alg<$
$\{\rho,\overline{\rho}\}>$
$SE_{3,2},(\# E_{3,2}=9!)$






(i) ( ) $A_{2,1}$ :
$\xi_{1}=(s_{11}, s_{12}, s_{2})$ , $\xi_{2}=(s_{1}, s_{22}, s_{21})$ ,
$g=I$
:
$t_{1}=s_{11}$ , $t_{2}=s_{12,2}+s_{2,1}$ .
$\iota,$ $\rho>\cong \mathrm{Z}_{n\geq 0}[\rho]\cong \mathrm{Z}_{n\geq 0}[x]\backslash \{0\}$ .
$\{\rho^{n}\}_{n\geq 1}$
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$\xi_{1}=(s_{1}, s_{22}, s_{21})=\xi_{2}$ ,
$g=(\begin{array}{lll}a b 0b -a 00 0 1\end{array})$ ,
$t_{1}=$ $as_{1}+bs_{22}$ ,
$t_{2}=$ $bs_{1.2}-as_{22.2}+s_{21.1}$ .
$a= \frac{2}{1+\sqrt{5}},$ $b=\sqrt{a}$ $\text{ }$ $[5]$ , $\mathrm{p}21$ :
$[O_{2}, \rho(O_{2})]=\frac{3+\sqrt{5}}{2}$ .
(iii( ) $A_{2,2}$ :
$\xi_{1}=(s_{11}, s_{12}, s_{2})$ , $\xi_{2}=(s_{1},s_{21}, s_{22})$ ,
. $g=I$
:
$t_{1}=s_{11}$ , $t_{2}=s_{12,1}+s_{2,2}$ .
$\rho$ \subset
3 3
3.1 Polyakov $\mathrm{B}\mathrm{R}\mathrm{S}$ FP\supset ‘‘
Polyakov BRS
K $*-$ $\mathcal{F}\mathcal{P}=*- Alg<\{c_{n},\overline{c}_{n} : n\geq 0\}>$ :
$c_{0}^{*}=c_{0}$ , $\overline{c}_{0}^{*}=\overline{\infty}$,
$\{c_{n},\overline{c}_{m}^{*}\}=-\delta_{nm}I$ $(n, m\geq 0)$
0 $\mathcal{F}\mathcal{P}$ ( ) $\mathrm{F}\mathrm{P}$
- - Polyakov $\mathrm{B}\mathrm{R}\mathrm{S}$
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2 $\frac{-}{\mathrm{P}\mathrm{f}\Rightarrow}\Delta \mathrm{N}$ $\mathcal{F}\mathcal{P}$ Fock
0 1
([2])
( 1 ) $O_{2,2}$ $O_{4}$ $*-$ Krein
$\mathcal{V}$ $(\mathcal{V}, \pi)$
( 2 ) $\mathcal{F}\mathcal{P}$ $O_{2,2}$ 2
$\phi_{1}$ , : $\mathcal{F}\mathcal{P}arrow O_{2,2}$
( 3 ) $(\mathcal{V}, \pi)$ $\phi_{i}(\mathcal{F}\mathcal{P}),$ $i=1,2$ $\mathcal{F}\mathcal{P}$ $\mathcal{V}$
$\pi_{i}\equiv\pi 0\phi_{i}$ $(i=1,2)$
$(\mathcal{V}, \pi_{1})(\mathcal{V}, \pi_{2})$ - $l$ Il, - $\mathrm{F}\mathrm{P}$
3.2 CAR













$\rho’(x)\rho’(y)=$ $(_{1=1}. \sum^{d}$(Adti $0\rho:$ ) $(x))(_{1=1}. \sum^{d}$(Adti $0\rho_{i}$ ) $(y))$
$=$ $. \sum_{l=1}^{d}\mathrm{A}\mathrm{d}t_{i}(\rho_{i}(x)\rho_{i}(y))$
$=$ $. \sum_{l=1}^{d}(\mathrm{A}\mathrm{d}t_{1}.0\rho_{1}.)(xy)$
$=$ $\rho’(xy)$ $(x, y\in A)$ ,
$(\rho’(x))^{*}=$ $\rho’(x^{*})$ $(x\in A)$ ,
$\rho’(I)=$ $I$ .
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